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Abstract 

Multifolding is a new practica! hcuristic mcthoc! for mapping rarallc! alg(>rithms ontn 
array proccssor architcctures. Jt considcrs symmctrics prcscnt in thc regular mesh 
structure of array processors and design restrictions. Thc mcthod starts l'rom a 
straightforward implemcntation that maps proccsscs onto an anay nf an unhoundcd 
numbcr of processing units. From this, Multifolding attcmpts to configure more clli­
cicnt impkmcntalions with thc same excculion time ancl fcwc.:r proccssing units. 
Finally, configurations are itcratively dcrived whilc thc mcthod tr~Hics otT numhcr of 
proccssing units I'S cxccution time in ordcr to mcct clcsign cnnstraints. Wc dc\clop 
sorne examplcs to show the practica! use of l'v1ultifolding. · 

1 lntrodudion 

Traditionally, parallcl wavefront algorithms havc bccn irnplcmcntcd on array proccssor 
architccturcs with a redundant numbcr of proccssing units [ 1, 2, 3. 4, 5]. Thcrcl'nrc. 
methods that reduce this rcdundancy without substantially clcgrading thc pcrfonnancc 
or the implemcntations are necded. 

Prohlem Statcment: Given a wavefront algorithm defincd as a set of parallcl proc­
esses subject toa preccdence rclationship of regulnr shapc, rinda lcss redundant 
and time cfficicnt mapping of the proccsses onto of an array proccssnr sy·stem. 
lmp!cmcntations wíth array processor systcms are constrnincd by thc maximum 
numbcr of communication links ami mcmory sizc of en eh proccssing unil, point­
to-point and local ínterprocessor communieation that conform a topolng.y or 
regular shape (for examplc, an orthogonal grid), and a bounded nrray size. 

Thc problem stated above is a spccial case of thc schcduling problem [ó]. Scheduling a 
sct of idcnticnl processcs subject to precedcncc rclations onto a hounded sct of homngc­
neous processors is known to be in the family of thc NP-Complctc problcms [ó]. This 
problcm is more difficult to solve if processcs are not identical and further rcstrictions 
must be considcrcd. Since efficicnt computatíonal mcthods for thcsc typc nf problcms 
are unlikcly to cxist, heuristic mcthods are useful for practica! and specific purposcs. 
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Jfultifi>!ding is a new hcuristic and interactivc mcthod for mnpping parallcl nlgorilhms 
onlo array proccssor systcms. The method takcs into considcration symmclrics prcscnt 
in thc original implcmcntation and verifies that the new implcmcntation complics 11·ith 
prcdcfincd dcsign rcstrictions 1rhich inclucle the locality of intcrproccssor communi­
C~ltion ami thc regularity of the topology. The inruts of the m•~thocl are: 

• a parallcl algorithm, 
• thc maxímum numbcr of component conncct.inns, 
• thc mcmory size of each component, 
• lhc maximum numbcr of proccssors, ami 
' thc maximum total cxccution time allowed. 

The output is nn implemcntation of the par~J.I!cl algorithm with a lcss rcdundant an~1y 
proccssor systcm that agrees with the predcfineu dcsign constrain ts. 

A parallel wavcfront algorithm is represented as a directed acyclic graph- the algo­
ritlznlic dag - where nades are processes and edgcs denote precedencc rclations. Each 
node is labcled with its cxecution time during a wavefr011t prop:1gation. 

Arter computing the earliest scheduling time of cach proccss rcgardicss nf hardll-aJT 
rcstrictions, thc parallcl algorithm is mapped onto an array proccssor 'ystcm ·--tire 
hard1rarc wzdirected grap!z- which is a regular grid of interconncctcd compt'nenls tllat 
supcrimposcs the algorithmie dag. Note that thcsc implementations are commonly 
Cound in rracticc because of their simple control t-cquircrilent. llml'e\·cr, lhey h~l\·c an 
cxcess oC rruccssing units ami grow supralinearly iC thc rroblcm size increascs. 

The :1im of thc mcthod is to take advantagc of thc natural cot-responclcncc bctll-ccn lhc 
algurilhmic dag ancl the hardware unclirected graph, and symmctries presenl in the 
latter gr~1ph. The tt·ansformations preserve thc locality of interprocessor communi­
cations ancl thc regularity of the topology withnut substantially inercasing thc control 
o1-crhcad in the ncw implementation to be obtained. Also, the wmefront propagation 
ancl thc locality of the data are unchangccl. 

This approach is what we call Fofdúzg since, in graphical tcrms, the rcscheduling oC thc 
processes has the cffect of actually folding thc array proccssor configuration along a 
symmetric axis. Foldiiig bccomcs Multifolding when the approach is itcratively 
applied. 

Although the application of Multifokling m ay- cause the total processing time to 
incrcase ll'hile thc numbcr of processors is reduecd. there are cases ll'herc rcduction in 
the number of proccssing clemcnts is achicved ll'ithout increasing the total processing 
time. This is possible since the initial mappings are onto highly reclundant implcmcn­
Ultiuns. 

Dctails of the mcthocl are dcveloped in the next Section. Seetion 3 comments on the 
interactive too! that implcmcnts thc method. 
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2 The Multifolding Method 

l\!ultifolding has four major stcps: 

l. In itializa tion, 
2. Rcduction of proccssors \\'ithout time incrcasc, 
3. Dcsign ,-::llidation, ancl 
..¡_ Rcduction of proccssors with time incrcase. 

f"igurc 1 pro\·idcs thc now dingr:11n that skctchcs thc l\lllltift,lding mcthod. Dct:1ils ni· 
cach flnw diagram block follow. 

1. lnilialization. 

In this stcp, thc algorithmic dag is validatcd for input :1nd snmc nf ils prnpcrtics are 
computcd. This information is uscd in subscqucnt slcps of thc mcthod. This stcp 
consists of thrcc substcps: 

a . . ·lna{\'Sis oj'thc para/Ir! a~P,orir/un. 

Sincc lhc parallcl algorithm is a rcgularJy· sh~l[1Cd torology or proccsscs, thc d:lta 
domain is rartitioncci into indcpcndcnt sub-domains. Thc comrutation on thcsc 
sub-domains has to be pcrformcd in rar:.lllcl or rircline modc. Alsn. sh:1ring 
,·ariablcs is admitted only bctwcen n(:ighbor rroccsscs :md undcr tl1c policy or 
concurrcnt rcad and cxcludcd write. 

Thc parnllcl :llgorithm can bG rcprcscntcd an acyclic grarh 

G, = (Vrz, L) 

namcd thc algorithmic clag 11·hcrc nodc~ are cnmpul:llion:li prncc~scs :llld cdgc-; 
rcrrcscnt time preccdcncc and functional dcpcndcncc. No lr:lllsiti\·c cdgc is 
cxpcctcd in any algorithmic dag. 

This typc of algorithms subjcct to thc constraints gi\·cn abm-c lcad tn a 
wan~frnnt typc data propagation and procc.<;s triggcring. Thc mcthod assumes 
that only wavcfront typc algorithms are inrut. 

Frequcntly, p:uallcl algorithms do not fullt'il thc conditinns gin'n ahm-c. In 
thosc cases, thcy must be transformcd into cquinllcnt wavcl'rnnt tyre algo­
rithms. An cxamplc with parallcl LU dccomposition algmithm is illustratcd in 
Figure 2. 

b. Compuration ofprocess related infomwtion. 

fnr cach nodc in thc :1lgorithmic clag, this stcr computes thc IC\·ei, the dcpth. 
thc carlicst proccssing time, and thc numbcr of succssors. All Lhcsc functions 
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./- Parall el Al gor i thM 
- Des i ng Constra i ns 

Fewet- Processot-s 
without 

TiMe lncrease 

Fewer ·Processors 
with 

TiMe Increase 

rigure l. Block di::lgram of Multifolding 

[ONPiies 

HuNber 

can he pcrformed in polynomial time (1]. The rccursi1·e dcfinilion of thc lirst 
tluee functions are givcn below. 

The le\·cl l(v) of a node vis dcfined as: 

/(1•) = 1 ilT d,(r) = O. and 
/(1') = max{/(1r)} + 1, othcrwise 

whcre (11·,r) E Ea and d,(r) is the in-dcgrcc of the node 1'. Sincc no cdgc is transi­
tive, edges only connect nodes at subsequent levels ami \\'a\·cs propagatc from 
lcyc( to leve!. 
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Ult Ul2 UD Ul4. Ut5 

~ ~~ ~ @~ ~ 

L2! UZ2 U2J U24 UZ> 

LJI l32 UJ3 U34 UJ5 

l41 L42 L4J l44 L45 

L51 L52 L53 L54 U 55 

Figure 2. Transfcmning thc parnllcl LU dccomposition into n wa1cl"ront typc ~ll¡corilhm 

Synllnctrically lo thc IC\·c!, thc dcptll .::(r) of a nodc r is dcfincd as: 

:::(r) = 1 i!T (Ur) = O, and 
::(r) = max{::(ll')} + 1, othcrwisc 

11·hcrc ( r,ll") E Ea and d,( v) is the out-dcgrcc of the nodc r. 

Tllc carlicst proccssing time t,(v) for cach nodc 1· is dcfincd ;¡s: 

t)r) = 1 iffd.(r) =O, and 
t"(r) = max{t,.¡n·) + t(11•)}, otllcmisc 

whcrc (ll'.r) E Ea atHI l(w) is thc time rcquircd by tllc nodc 1r. Note that 
r,( r) = !( r) for evcry v E v. wllen t( r) = l. 

c. lnítial mapping. 

i\ny arra;.· proccssor systcm is a simrlc undircctcd graph -- thc hartilrarc undi­
rcctcd graph 
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such that Vh is the set of processing units ancl Eh is a set of full-duplex serial 
conncctions between processors. 

lnitially, the hardware graph is superimposecl on the algorithmic graph such 
that cach proccssor exccutes only one proccss \\'hich starls proccssing at it ear­
licst proccssing time. The execution time of this straighti'nrward implcmcnlation. 
is the minimum possible since no hardware rcstriction has bren considcred allll 
any proccssor runs only one proccss at this time. 

For a given scheduling S, each proccssor k. has associated a sct Ps(k) of la beis of 
the fonn (p, t, tr, l, z, s, d) where p denotes thc process schedulcd to run on 
processor k for t units of time starting at time t1, ancl, l. z, s, and tare the len!, 
the tleplh. the number of succcssors, ami thc out-degree of thc prnccss 1' rc-;pcc­
Li\·cty. Note that for.the initialmapping, Lhese sels of labels are unitary. 

2. Hcdnction of proccssors wilhout time incrcasc. 

1\lultili,lding atlempls to reduce the numbcr of processing clements wilhout 
increasing the total proccssing time. This is done in three substeps dcscribed helow. 

a. Geomct1y ..lna(rsis. 

Since the systcrn has a regular topology, its gcomctrical ch~1racteristics are \·cry 
importa nl for thc fold ing steps. Reschctluling of processes is pcrrormed wi th the 
hclp of symmctry axcs dcfincd on thc hardware undirected graph. Each 
processor can be denotctl,by its position within the grid. Cartesian coordinales 
can be placcd as convcnicnt. The symmetry analysis can be rncuscd nlong n 
s:· bgrid nccording to a symmctry axis y = ax + h that bisects thc grid. Dif­
rcrcnt symmetry axes on thc initial LU dccomposition implcmentation are 
shown in Figure 3. 

T~ro processors. ,, and "'are symmetrical whcne\·cr 

• thcy are atan cqual and opposite distancc from the svmmctrv axis. antl 
• for cach edge (i•,p) in Eh, there exists an cdge (w,q) in E;, such that p and q 

are also symmctric proccssors. 

The subgrid is folded into two parts about thc symmctry axis, l'orming the 
sourcc subgrid ami thc clestination subgrid. Each source node has a symmctric 
destination nodc, except for thosc proccssors that tic along the symmetry axis. 

b. Folcling. 

Sclect one symmctry axis. The sclection criterion will be a !'enture of the too! 
that implcments the method (see Section 3). 

Folding is defined as the total function 
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f-igure 3. Symmctry axcs in thc initial implcmcntation nf thc Lll dccomposition implc­
mcntation 

such that ll'(k)IE{O.L2}. lf tr·'(k)l = l,.J(k) =k. Also.[j' 1(/ill = 2 if and 
only if k is a destination node and [f·'(k)l =O if ami only ir k is a soun:c nndc. 

Note that the folding proccss preserves thc topology and thc locality of int¡:r­
proccssor communitation. An example is provided in f-igure 4. 

c. Rescliedule. 

Lct S and S denote thc scheduling bcfore ami after thc folding of the currcnt 
implcmentation respecti\·ety, thcn 

Ps.(k) = Ps(k) if [[-'(k)l = 1, and 
Ps(k) = Ps(k) U Ps(J) if.f{¡) = /e 

A 11 so u rcc nodcs and thcir interconncctions are rcmo\'Cll from G;, as illustra tcd 
in Figure 4. 

lf the symmetry axis is not defined o\·cr a row of proccssllrs, ncw conncctions 
may appcar in thc foldcd version as illustratcd in Figure .'i. lf that is thc case. 
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Figure 4. 1\lultifolding of the wavefront LU dccomposition ;1lgorithm 
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d1c'.1'naximum number or link.s or cach Cllll1poncnts Gll1110l be excccdcd. Clc<irly. 
thc fokling stcp will produce a new hardware graph G,. 

The total cxeeution time of the ne11' schcduling S' rnust he cqual lo th:1t ll!' thc 
prc1·ious schcduling S ami each proccss starts cxccuting. ;lt it<; c~1rlicst proccssim! 
time. This folding substcp is rcpeatcd whilc thc pre1·ious condition on exccution 
time holds. · 

3. Design validation. 

lf the numbcr of processors, thc time performance, antl thc nuJ,Jhcr of links nnd thc 
mcmory size of each component in the current scheduling comply II'Ílh thc prcdc­
fined restrictions, the currcnt scheduling is output as the solulil'll. \Vhcnc1·cr thc 
number of processors used by the scheduling excecds spccirications hut thc othcr 
constraints hold, the method gocs on 11·itb thc fnurth stcr. Othc1wisc. thc mcthod 
back.track.s to prcvious implementations and sclcct olhcr dccision paths. 

Clcarly, an intcractivc tool will be of grcat hclp in thc sclcction of altcrnati1 cs. 
Furthcr dccision mcasurcs such as proccssor 11·ork.load rangcs can be includcd lo 

drivc thc selcclion pmccss . 

.t. Rnluclion of proccssors with time incrcasc. 

Similar lo lhe scconcl stcp, this stcp cxccutcs tlncc subslcps: 

a. Gcomctr:v Ana lysis, 

b. Folding, ami 

c. Rcschcduling. 

Thc first l\I'O substcps are idcntical tn thc oncs dcscrihcd in thc sccnnd stcp ol' thc 
mcthod. Thc third substcp will solvc. hcuristically allll for cach procc~sor, allthc 
O\'Crlappcd proccsscs gcncratcd by thc l'olding substcp. Thc hcuristic l'ollnl\·s. 

• Sorting stcp. For cach proccssor k, thc list Ps{k) of labcls obtained in thc 
folding substcp is sorted accori.ling to: 

smallcst proccssirig time, 
largcst process dcpth, 
largest numbcr of proccss succcssors, :'11d 

largcst out-dcgrcc. 

Rcntaíning ovcrlappcd proccsscs are sol\'Cll according to thc policy: proccs.:;cs 
prc1·iously schcduled on dcstination proccssors ha\·e a highcr priority than proc­
csscs prc\'Íously schcduled on sourcc processors. 

• Start cxccution time recalculation. During this substcp, any proccss is in onl 

onc of the following statcs: 
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Dest!nation X=2 Source. 

Figure 5. Folding with gcneralion of new interprocessor conneclions 

not -sched uled. 
bcing-schedulcd, ami 
schcdulcd. 

At any time. lhc sct Unprcl"ccded contains thc prnccsscs l"nr 11 hich ;111 prcdcccs­
~ors h~11c bccn prc1·iously trully) schcdulcd. 

The sketch of the procedure follows: 

lnitially, all the proccsses with in-degrcc equ~ds O are includcd in 
Unpreceeded and 12:32 p.m. is sct lo O. 

While Unprccceded is not empty pcrform 

lncrease 12:32 p.m. by l. 

lnterscct Unprecceded with all the labcl scts P5-(k). 

For all processes in the interscction, two cases arise: 

when a new proeess is schedoled, then its status changcs l"rnm nol­
scheduled to being-schedulcd, schedulcd-timc 1·:u·iablc is set lo 1 antl 
its starling-time variable is sct to 12:32 p.111.; 
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whcn a proccss is in the being-schedulcd status it rcmains in thc samc 
status and its scheduled-time 'ariablc is increased by l. 

Change the status from being-schedulcd lo scheL:uled for those proccsscs 
\\'hose schcdulcd-time variable cquals the corrcspondingexccution time. 
All schcdulcd processes are remo\·cd from the C11;>rcceeded set and from 
the corresponding sorted la be! scts. Renw\·al frnm tl•e UtlfJ/'ccccdccl sct 
nwy cause othcr processes to be inserted in thc samc set. 

Endll'hile 

• Upcf,¡tc !u/>c!s. For each labcl in each lahel set, updntc lhc stnrt. cxccution time 
with the rccomputcd value. 

• Total s,·hcdu!ing time. 11. is cornputcd ;¡s thc m~nimum n\cr all proccsscs of thc 
start nccution time plus thc cxecution time. 

J\n CX~Irnplc o!' this typc or rcschcduling is prm·idcd in Figure (J. Note llwt thc 
stnrting irnplcrncnt:ltion corrcsponds to :111 altcrnati\c f'or thc parallcl LlJ dccom­
position algorithm which ahas becn obtaincd hy folding about diagunal symmetr<; 
~1.\IS. 

3 Final Remarks 

;\n associatcd tool. currcntly undcr dcvelopmL'lll. 11·ill cmbcd thc f\lultifolding mctlwd 
into ;¡ dccision m:1chinc th:1t \\'ÍII i111ow thc uscr tll ll'alk ~!long a dccision trcc of implc­
mcntations in dcpth :md in lcH:l stcp-dOI\·n. E:1ch nndc of thc dccision free, that con­
U! in<> onc p:1rticul:lr implementa! ion. has ~1s many branchcs to othcr Iwdcs ~1s symmctry· 
a:;cs are prcscnt in thc implemcntation. 

Thc !Poi can cumparc sc\cralusn-sclcctcd impkmcnt:ltillns or Clllllpar~l implcmcnta­
tillllS ;¡( thc l'ringc ol' thc dccision trcc. Thc Cll!llparison i.s pcrfllrlllcd accordin¡! to 
dcSÍ¡!I1 Ctl!lSt;lÍnts :lilll nthcr dccision factors SUCh tiJ;¡t thc :1\CJ:lge \l'tll'k!oad and thc 
L'llicicncy of C~!Ch implcmcntation. Thc :IICJ'~lgc \\'(lJ'klnad or :In imp!cmcntation is thc 
~~~ cragc o\ cr thc numbcr of proccsscs schcdulcd to run ca eh proccssor. The c!Ticicncy 
nf :lll implcmcnt:ltion is thc in\·crse of thc total schcdu!ing time times thc numbcr or 
proccssors uscd. Thc tuul is ablc to backtrack to ;¡ny prc\·ious implcmcntalion. 
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